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1. Introduction
In a recent paper, Camina, Shumyatsky and Sica proved the following theorem: let x be an element
of a ﬁnite group G and let IndG(x) be the index in G of the centralizer CG(x) of x in G; if Ind〈a,b,x〉(x)
is a prime-power for every a,b ∈ G, then IndG(x) is a prime-power [2]. The above theorem can be
restated as follows: let x be an element of a ﬁnite group G and let C = CG(x); if there is more than
one prime dividing |G : C |, then there exist a,b ∈ G such that |〈a,b, x〉 : C ∩ 〈a,b, x〉| is divisible by
more than one prime.
In this paper we aim at generalizing this result. If we want to consider any subgroup C of G ,
instead of limiting ourselves to centralizers of elements, it is more natural to look at |H : C ∩ H|
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primes dividing n. Our result is the following.
Theorem A. Let G be a ﬁnite group and let X,C be two subgroups of G such that X  C. Then there exist
a,b, c ∈ G such that π(|G : C |) ⊆ π(|〈a,b, c, X〉 : C ∩ 〈a,b, c, X〉|).
When X is the identity subgroup we obtain the type of result we were originally aiming at.
Corollary B. Let G be a ﬁnite group and let C be a subgroup of G. Then there exist a,b, c ∈ G such that
π(|G : C |) ⊆ π(|〈a,b, c〉 : C ∩ 〈a,b, c〉|).
When X = C we have a new type of result.
Corollary C. Let G be a ﬁnite group and let C be a subgroup of G. Then there exist a,b, c ∈ G such that
π(|G : C |) = π(|〈a,b, c,C〉 : C |).
In order to deal with the case of prime-power index we need a stronger conclusion than that of
Theorem A.
Theorem D. Let G be a ﬁnite group and let X,C be two subgroups of G such that X  C. If |π(|G : C |)| 2,
then there exist a,b ∈ G such that |π(|〈a,b, X〉 : C ∩ 〈a,b, X〉|)| 2.
This imply the result in [2] when C = CG (x) and X = {x}.
We conjecture that Theorem A can be improved, because just 2 suitable generators could be
enough in order to reach the conclusion, instead of 3, but proving this would need good estimates on
the probability of generating 2-generated almost simple groups with 2 elements, and these results are
not available at the moment. On the other hand, just one suitable generator is not enough to reach
the conclusion of Theorem A, as the example of G = S3 shows, when taking X = C = 1.
The following two propositions support this conjecture and give partial answers, in the case of
soluble groups and in the case when no “small” prime divides |G : C |.
Theorem E. Let G be a ﬁnite soluble group and let X,C be two subgroups of G such that X  C. Then there
exist a,b ∈ G such that π(|G : C |) ⊆ π(|〈a,b, X〉 : C ∩ 〈a,b, X〉|).
Theorem F. Let G be a ﬁnite group and let X,C be two subgroups of G such that X  C. Then there exists an
absolute constant c¯ with the following property: if Q is the set of primes which are bigger than c¯, then there
exist a,b ∈ G such that π(|G : C |) ∩Q⊆ π(|〈a,b, X〉 : C ∩ 〈a,b, X〉|).
2. Background material
In what follows d(G) denotes the minimal number of generators of the group G and if X is a sub-
set of G then dX (G) denotes the minimum integer d such that there exist d elements g1, . . . , gd ∈ G
with the property that G = 〈X, g1, . . . , gd〉. If p is a prime, |G|p denotes the order of a Sylow p-
subgroup of G and if x is an element of G then we will write |x|p instead of |〈x〉|p . Moreover, AutG
is the automorphism group of G and we recall that the socle Soc(G) of G is the subgroup generated
by all minimal normal subgroups of G .
Throughout the paper, we will often have to consider a quotient group G/N of a group G . For the
sake of brevity, if g (resp. U ) is an element (resp. subgroup) of G , then x¯ (resp. U¯ ) will denote the
image of x (resp. U ) in G/N .
Let L be a primitive monolithic group, that is a group with a unique minimal normal subgroup A
such that if A is abelian, then it has a complement in L. For each positive integer k we let Lk be the
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Lk =
{
(l1, . . . , lk) ∈ Lk
∣∣ l1 ≡ · · · ≡ lk mod A}.
Clearly, Soc(Lk) = Ak and Lk/Soc(Lk) ∼= L/Soc(L). Note also that if A has a complement T in L, then
diag(T ) is a complement of Soc(Lk) in Lk (here, if U is a subset of L, diag(U ) denotes the following
subset of Lk: diag(U ) = {(u, . . . ,u) | u ∈ U }).
Crown-based powers arise naturally when studying ﬁnite groups that need more generators than
any proper quotient, and they are a main tool also in the study of dX (G). The following theorem is a
straightforward consequence of Proposition 12, Theorem 20 and Corollary 21 of [6].
Theorem 1. Let X be a subset of a ﬁnite group G and let N be a normal subgroup of G such that N is maximal
with the property that dXN(G) = dX (G). Then there exist a monolithic primitive group L and an isomorphism
ϕ : G/N → Lk such that ϕ(X)  diag(L). Moreover, if A is abelian and T is a complement of A in L, then
ϕ(X) diag(T ).
In the setting of Theorem 1, we are interested in bounding dX (G) in terms of k. If H is a ﬁnite
group, X is a subset of H and M is a normal subgroup of H assume that h1, . . . ,hs ∈ H and X
generate H modulo M , that is H = 〈h1, . . . ,hs, X,M〉. It follows from Proposition 16 of [6] that the
number ΦH,M(X, s) of elements (u1, . . . ,us) ∈ Ms with the property that H = 〈h1u1, . . . ,hsus, X〉 is
independent of the choice of h1, . . . ,hs .
We will ﬁrst study the case when the socle A of the monolithic group L is non-abelian. The fol-
lowing lemma is a sharpening of Lemma 1 of [3]. The proof is very technical and follows the same
lines as the proof of Theorem 1.1 in [7] but at each step we take care of lifting generators in as many
ways as we can.
Lemma 2. Let L be amonolithic primitive groupwhose socle A is isomorphic to Sn for some non-abelian simple
group S and some natural number n. Moreover, let X be a subset of L. Then there exists an almost simple group
S  H  Aut S which is isomorphic to a section of L, can be generated by 2 elements and satisﬁes
ΦL,A(X, s) n|S|n−1ΦH,S(2)|A|s−2,
for each s 2 such that s dX A(L).
Proof. The hypothesis that A ∼= Sn is the unique minimal normal subgroup of L implies that we
may identify L with a subgroup of Aut(Sn) = Aut S  Sym(n), the wreath product of Aut S with the
symmetric group of degree n. So the elements of L are of the kind l = (α1, . . . ,αn)σ , with αi ∈ Aut S
and σ ∈ Sym(n). Let π : Aut S  Sym(n) → Sym(n) be the homomorphism which maps (α1, . . . ,αn)σ
to σ .
As s  dX A(L) there exist l1, . . . , ls ∈ L such that L = 〈l1, . . . , ls, X, A〉. We want to count the num-
ber of elements (u1, . . . ,us) in As with the property that L = 〈u1l1, . . . ,usls, X〉. Since this number is
independent on the choice of l1, . . . , ls we may suppose that π(l1) is not a cycle of length n; moreover
if π(l1) has no ﬁxed points but there exist l¯1, l¯2 ∈ L such that L = 〈l¯1, l¯2, l3, . . . , ls, X, A〉 and π(l¯1) has
a ﬁxed point, then we substitute l1, l2 by l¯1, l¯2.
With this choice of l1, . . . , ls the proof of Theorem 1.1 in [7] shows how u1, . . . ,us ∈ M can be
constructed with the property L = 〈u1l1, . . . ,usls, X〉. Let us describe this construction.
First we arbitrarily choose u3, . . . ,us ∈ A, so that we have |A|s−2 choices, then we show that
u1,u2 ∈ A can be chosen in at least n|S|n−1ΦH,S (2) ways. So from now on u3, . . . ,us ∈ A will be
ﬁxed, and we will say for shortness that the 2n-tuple (x1, . . . , xn, y1, . . . , yn) ∈ S2n is good if u1 =
(x1, . . . , xn) and u2 = (y1, . . . , yn) have the property that L = 〈u1l1,u2l2, l3, . . . , ls, X〉.
In [7] it is proved that there exists a prime r which divides |S| and has the following property: for
every α ∈ Aut S we can ﬁnd an element β ∈ S such that αβ = 1 and |α|r = |αβ|r . So we can deﬁne a
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σ1, σ2 ∈ Sym(n) be two cyclic permutations (including cycles of length 1); we deﬁne σ1  σ2 if either
|σ1|r < |σ2|r or |σ1|r = |σ2|r and |σ1| |σ2|.
Let l1 = (α1, . . . ,αn)ρ , l2 = (β1, . . . , βn)σ , with αi, β j ∈ Aut S and ρ,σ ∈ Sym(n). Then write ρ =
ρ1 · · ·ρs(ρ) , σ = σ1 · · ·σq · · ·σs(σ ) as product of disjoint cycles (including possible cycles of length 1),
in such a way that:
(a) ρ1  · · · ρs(ρ);
(b) supp(σi) ∩ supp(ρ1) = ∅ if and only if i  q;
(c) σ1  · · · σq .
Let ρi = (mi,1, . . . ,mi,|ρi |), 1  i  s(ρ), σ j = (n j,1, . . . ,n j,|σ j |), 1  j  q. We assume m1,1 =
n1,1 = m. For each integer c  2 dividing the greatest common divisor of |ρ1| and |σ1| deﬁne
jc = |ρ1|(c−1)c and let nic ,tc =m1, jc , nic ,uc = nic ,tcσ−1ic . Note that when |ρ1| = 1 then by our assumptions
σ has no ﬁxed points, so nic ,uc = nic ,tc . Consider the following subsets of {1, . . . ,n}:
Ω1 =
{
mi,1
∣∣ 1 i  s(ρ)}, Ω2 = {n j,1 ∣∣ 1 j  q},
Ω3 =
{
nic ,tc , nic ,uc
∣∣ c  2, c divides g.c.d.(|ρ1|, |σ1|)}.
Moreover let
Ω∗2 = Ω2 \ Ω3 and q∗ =
∣∣Ω∗2 ∣∣.
Now, if u1 = (x1, . . . , xn), u2 = (y1, . . . , yn) ∈ A = Sn deﬁne α¯r = xrαr , β¯r = yrβr , 1  r  n and
ai = α¯mi,1 · · · α¯mi,|ρi | , 1 i  s(ρ), b j = β¯n j,1 · · · β¯n j,|σ j | , 1 j  q.
Moreover let a = αm1,1 α¯m1,2 · · · α¯m1,|ρ1 | , b = βn1,1 β¯n1,2 · · · β¯n1,|σ1 | and consider H = 〈a,b, S〉. It follows
from the main result in [4] that H is 2-generated.
By [7] the 2n-tuple (x1, . . . , xn, y1, . . . , yn) is good if the following set M of conditions is satisﬁed:
(1) 〈a1,b1〉 = 〈xma, ymb〉 = H ; note that there are ΦH,S (2) pairs (xm, ym) ∈ S2 satisfying this property.
(2) a|ρ1···ρi |/|ρi |i and a
|ρ1···ρi |/|ρ1|
1 are not conjugate in Aut S , for every 2 i  s(ρ).
(3) b
|σ1···σ j |/|σ j |
j and b
|σ1···σ j |/|σ1|
1 are not conjugate in Aut S , for every 2 j  q.
(4) This condition is quite technical and we will not report it here. The relevant fact for our
purposes is that it must hold for every c  2 dividing g.c.d.(|ρ1|, |σ1|), and if the 2n-tuple
η = (x1, . . . , xn, y1, . . . , ym) satisﬁes some subset N of M but not condition (4) for some c, then
there are two elements γ1 and γ2 of Aut S such that for every z ∈ S with the property that
γ zc1 = γ2, the 2n-tuple obtained from η by replacing ynic ,tc with z−1c ynic ,tc and by replacing ynic ,uc
with ynic ,uc βnic ,uc zcβ
−1
nic ,uc
satisﬁes condition (4) for c and still satisﬁes all the conditions in N .
Note that we can choose z in at least |S| − |CS (γ1)| 4|S|/5 possible ways.
Now we choose arbitrarily η = (x1, . . . , xn, y1, . . . , ym) ∈ S2n , and we modify the elements xi and y j
for i ∈ Ω1 and for j ∈ Ω∗2 ∪ Ω3 in as many ways as we can in order to obtain a good 2n-tuple.
First we choose xm and ym in such a way that condition (1) is satisﬁed; there are ΦH,S (2)
choices.
Now we ﬁx i such that 2  i  s(ρ). The main lemma of [7] guarantees the existence of
xmi,1 ∈ S such that ai = 1 and a|ρ1···ρi |/|ρi |i is not conjugate in Aut S to a|ρ1···ρi |/|ρ1|1 , and in partic-
ular |a1|r = |ai |r . Now we will show that xmi,1 can be modiﬁed in at least 4 more ways. If w ∈ S
is such that awi = ai then we can choose x′mi,1 such that a′i = awi = x′mi,1αmi,1 α¯mi,2 · · · α¯mi,|ρi | . Then
x′mi,1 = xmi,1 and (awi )|ρ1···ρi |/|ρi | and a
|ρ1···ρi |/|ρ1|
1 cannot be conjugate. The possible choices for a
w
i = ai
are |S : CS (ai)| − 1 4, so we can choose x′m in at least 4 more ways.i,1
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2 j  q. We will do so for all 2 j  q such that n j,1 ∈ Ω∗2 . So the number of choices for this step
is at least 5|Ω1|+|Ω∗2 |−2.
If |ρ1| = 1 then Ω3 = ∅ and q = q∗ = 1, so the total number of choices is at least
ΦH,S(2)|S|2n−s(ρ)−15s(ρ)−1.
It suﬃces to prove that |S|n−s(ρ)5s(ρ)−1  n. As the right-hand side of the last inequality is minimum
for s(ρ) = n we need that 5n−1  n, which is true for every n 1.
Now suppose |ρ1| = 1. Then we need to consider the set of conditions in (4) as well. As ρ has no
ﬁxed point, by our choice of l1 and l2, σρk is ﬁxed-point-free for all k ∈N. This implies in particular
that if c1 = c2, then we have {nic1 ,tc1 ,nic1 ,uc1 } ∩ {nic2 ,tc2 ,nic2 ,uc2 } = ∅. Indeed suppose for example that
there exist i and j with
nic1 ,tc1 = ni, j =m1, jc1 and nic2 ,tc2 = ni, j+1 =m1, jc2 .
This would imply that ni, jρk1 = ni, jρk = ni, j+1 for some k ∈ N and ni, jσi = ni, jσ = ni, j+1, but then
σρ−k ﬁxes ni, j, a contradiction. The same argument proves that m /∈ Ω3. In particular it follows that
|Ω3| = 2γ where γ denotes the number of integers c  2 dividing g.c.d.(|ρ1|, |σ1|).
Now for each l ∈ Ω3 ∩ Ω2 we can argue as we did for the elements of Ω∗2 , ﬁnding an appropriate
yl in order to satisfy condition (3). Then for every value of c we choose z as in condition (4), we
replace ynic ,tc with z
−1
c ynic ,tc and we replace ynic ,uc with ynic ,uc βnic ,uc zcβ
−1
nic ,uc
. Remember that z can
be chosen in at least 4|S|/5 different ways. This means that the number of possibilities for the pair
(ynic ,uc , ynic ,tc ) is at least 4|S|/5. It follows that the number of 2n-tuples which are good is at least
ΦH,S(2)|S|2n−s(ρ)−q∗−γ · 5s(ρ)+q∗−2 · (4/5)γ .
So it suﬃces to prove that
|S|n+1−s(ρ)−q∗−γ · 5s(ρ)+q∗−2 · (4/5)γ  n.
Note that
|S|n+1−s(ρ)−q∗−γ · 5s(ρ)+q∗−2 · (4/5)γ = f (s(ρ) + q∗ + γ )g(γ ),
where
f (x) = |S|n+1−x · 5x and g(x) = 5−2−x · (4/5)x.
We will study separately the two functions f (x) and g(x).
Since |ρ1| = 1 and ρ1  ρi for 1 i  s(ρ), we have
s(ρ) − 1 n − |ρ1|
2
.
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|σ1|
2 , so
s(ρ) + q∗ + γ  n
2
− |ρ1|
2
+ q∗ + |σ1|
2
+ 1.
Since q∗  q |ρ1| and q + |σ1| n + 1 we conclude
s(ρ) + q∗ + γ 
[
n
2
− |ρ1|
2
+ q∗ + |σ1|
2
+ 1
]

[
n + 3
2
]
= n + 1,
where with [x] we denote the integer v such that v  x < v + 1. Since f (x) is a decreasing function
we have
f
(
s(ρ) + q∗ + γ ) f (n + 1) = 5n+1.
Note that |ρ1| n − 2, because ρ is not a cycle and has no ﬁxed points, so γ  |ρ1|/2 n/2− 1. As
g(x) is also a decreasing function we have
g(x) g(n/2− 1) = 2n−2 · 5−n.
It follows that
|S|n+1−s(ρ)−q∗−γ · 5s(ρ)+q∗−2 · (4/5)γ  2n−2 · 5 n,
as we wanted. 
Lemma 3. Let L be a monolithic primitive group with non-abelian socle A and let X ⊆ L. Assume that t 
|π(|A|)| + 1. Then the following hold:
(i) ddiag(X)(Lt)max{3,dX A(L)}.
(ii) There exists an absolute constant c¯ such that if the maximum of the set π(|A|) is bigger than c¯ then
ddiag(X)(Lt)max{2,dX A(L)}.
Proof. Let s  max{2,dX A(L)} be an integer. It follows from Proposition 16, formulas (3.2) and
Lemma 18 of [6] that there exist g1, . . . , gs ∈ Lt such that Lt = 〈diag(X), g1, . . . , gs〉 if and only if
t  ΦL,A(X, s)
γ
, (1)
where γ = |CAut(A)(L/A)∩CAut(A)(X)|. Let A = Sn , where S is a non-abelian simple group. In the proof
of Lemma 1 in [4] it is shown that |CAut(A)(L/A)|  n|S|n−1|CAut(S)(H/S)|, where H is the subgroup
of Aut S which appears in the statement of Lemma 2. As γ  |CAut(A)(L/A)|, by Lemma 2 we have
ΦL,A(X, s)
γ
 n|S|
n−1ΦH,S(2)|A|s−2
n|S|n−1|CAut(S)(H/S)| =
ΦH,S(2)|A|s−2
|CAut(S)(H/S)| .
In order to prove the ﬁrst part of the lemma note that ΦH,S (2)|CAut(H)(H/S)|  1 (see for instance Theorem 2.7
of [3]), so ΦL,A(X,s)γ  |A|s−2. Take s = max{3,dX A(L)}; then t  |π(|A|)|+1 |A| |A|s−2 so condition
(1) is satisﬁed and statement (i) follows.
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|S|2cS and lim|S|→∞ cS = 1. Moreover, by Lemma 1.3 of [8], we have |Aut S|  β|S| log2 |S| for some
positive constant β .
It follows that
ΦL,A(X, s)
γ
 ΦH,S(2)|A|
s−2
|CAut S(H/S)| 
ΦH,S(2)
|Aut S| 
cS |S|
β log2 |S|
.
Let mS be the maximum of the set π(|S|) = π(|A|). Note that when mS tends to inﬁnity then |S|
tends to inﬁnity as well, so there exists an absolute constant c¯, independent on S , with the following
property: for any non-abelian simple group S such that mS  c¯ we have β(log2 |S|)2  cS |S|. Note that
|π(|A|)| + 1 log2 |S|; so taking s = max{2,dX A(L)} we have if mS  c¯ then condition (1) is satisﬁed,
thus ddiag(X)(Lt) s = max{2,dX A(L)}, as we wanted. 
In order to deal with the case when the socle of L is abelian we will need Theorem A of [1]. In
the following, if G is a ﬁnite group and V is a G-module, then H1(G, V ) denotes the ﬁrst cohomology
group of G on V . Note that there is a bijection between H1(G, V ) and the set of conjugacy classes of
complements of V in the semidirect product V G .
Theorem 4. Let p be a prime. If G is a ﬁnite group and V is a faithful irreducible G-module over the ﬁeld with
p elements, then |H1(G, V )| < |V |.
The following lemma bounds dY (L) for a primitive monolithic group L.
Lemma 5. Let L be a monolithic primitive group with socle A and let Y ⊆ L. Then dY (L)max{2,dAY (L)}.
Proof. Let s = max{2,dAY (L)}. If A is non-abelian it follows from Lemma 2 that ΦL,A(Y , s) > 0,
so dY (L) = s. If A is central then A = L is cyclic of prime order and the result is trivially true.
So we may assume that A is abelian and not central in L. Consider z1, . . . , zs such that T =
〈Y , z1, . . . , zs〉 and let Q = 〈Y , z3, . . . , zs〉. We will prove that there exist w1,w2 ∈ A such that
L = 〈Q , z1w1, z2w2〉. If not, then 〈Q , z1w1, z2w2〉 is a complement of A in L for every w1,w2 ∈ A.
Moreover, if (w1,w2), (w∗1,w∗2) ∈ A2 are such that 〈Q , z1w∗1, z2w∗2〉 = 〈Q , z1w1, z2w2〉 = H , then
w−11 w∗1,w
−1
2 w
∗
2 ∈ A ∩ H = 1, so (w1,w2) = (w∗1,w∗2). It follows that A has at least |A|2 comple-
ments in L. On the other side, by Theorem 4, there are less than |A| conjugacy classes of comple-
ments of A in L, so there are less that |A|2 complements of A in L. This contradiction proves that
L = 〈Q , z1w1, z2w2〉 for some w1,w2 ∈ A, so dY (L) s, and this is enough to conclude the proof. 
Finally, we will need the following fact.
Lemma 6. Let S be a ﬁnite non-abelian simple group. Then both S and S × S are 2-generated.
Proof. The ﬁrst statement is a well-known consequence of the classiﬁcation of ﬁnite simple groups
(see for example [1, Theorem B]). Let x1, x2 be two non-trivial elements of S , such that |x1| = |x2|.
By the main corollary of [5, p. 745] there exist y1, y2 ∈ S such that S = 〈x1, y1〉 = 〈x2, y2〉. It follows
that the two elements (x1, x2) and (y1, y2) generate either S × S or a diagonal subgroup of the form
D = {(x,ϕ(x)) | x ∈ S}, for some ϕ ∈ Aut S . But this last possibility cannot occur by the choice of
(x1, x2). So the second statement is proved. 
3. Proofs of the theorems
We will describe a key step of our proof in the following lemma.
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sume that G has no proper subgroups H containing X such thatQ⊆ π(|H : C ∩H|). Assume also that for some
positive integer t and some non-trivial monolithic primitive group L there exists an epimorphism ϕ : G → Lt
such that ϕ(X)  diag(L) and ϕ(X)  diag(T ) if the socle A of L is abelian, where T is a complement of A
in L. Then the following hold:
(i) If A is abelian, then t = 1.
(ii) If A is non-abelian then t  β + 1, where β = |Q∩π(|A|)|.
Proof. Let N be the kernel of ϕ , so that G¯ = G/N is isomorphic to Lt . We will identify G¯ and
ϕ(G) = Lt in the obvious way. Let K¯ = diag(L) if A is non-abelian, and let K¯ = diag(T ) if A is abelian.
It follows from our hypotheses that X  K .
Let M¯ = Soc(G¯) = N¯1 × · · · × N¯t . We will deﬁne two subsets P and P∗ of Q.
P = {p ∈Q ∣∣ p divides |G¯ : C¯ | and |M¯ ∩ C¯ |p < |M¯|p},
P∗ = {p ∈Q ∣∣ p divides |G¯ : C¯ | and |M¯ ∩ C¯ |p = |M¯|p}.
Note that P ⊆ π(|A|). If p is in P there exists ip such that |N¯ip ∩ C¯ |p < |N¯ip |p . Let Λ = {ip | p ∈ P}
and let H¯ = K¯ ∏l∈Λ Nl . Note that |Λ| β and if A is non-abelian, either t = Λ or H¯ ∼= L|Λ|+1. If A is
abelian, then it is an elementary abelian p-group for some prime p, so |P| 1 and K¯ is isomorphic
either to L or to T .
Now we prove that P ⊆ π(|H : C ∩ H|). If not, for some prime p ∈ P there exists a Sylow p-
subgroup U of H which is contained in C . Then U¯ ∩ N¯ip is a Sylow p-subgroup of N¯ip , but this
contradicts the fact that |N¯ip ∩ C¯ |p < |N¯ip |p .
We will prove that also P∗ ⊆ π(|H : C ∩ H|). Let p ∈ P∗ , so that p does not divide |M¯ : M¯ ∩ C¯ | =
|M¯C¯ : C¯ |. As |G¯ : C¯ | = |G¯ : M¯C¯ ||M¯C¯ : C¯ |, we have p must divide |G¯ : M¯C¯ | = |G : MC |. Moreover G =
KM = HM so it follows that p divides |HM : MC |, which in turn divides |HMC : MC | = |H : H ∩ MC |.
Then p divides |H : H ∩ C |, as we wanted.
Now if p ∈Q \ (P ∪P∗) we have p divides |G : C | = |G : CN||CN : C | but does not divide |G : CN|.
So p divides |CN : C | = |N : N ∩C | and no Sylow p-subgroup of N is contained in C . Now let U be any
Sylow p-subgroup of H ; as U ∩ N is a Sylow p-subgroup of N , it follows that U cannot be contained
in C . This proves that p ∈ π(|H : C ∩ H|).
So we have Q⊆ π(|H : C ∩ H|) and thus H = G by our hypothesis. Now part (b) follows immedi-
ately when A is non-abelian.
If A is abelian, then either G¯ = H¯ ∼= L, which implies that t = 1, or G¯ = K¯ , which contradicts
the fact that Lt is an epimorphic image of G . This proves part (a) and concludes the proof of the
lemma. 
Theorems A, E and F and Corollaries B and C are an immediate consequence of the following
proposition.
Proposition 8. Let G be a ﬁnite group, let X,C be two subgroups of G such that X  C and letQ⊆ π(|G : C |).
Assume that G has no proper subgroup H containing X such that Q ⊆ π(|H : C ∩ H|). Then dX (G)  3.
Moreover, if G is soluble or if the minimumm ofQ is bigger than the absolute constant c¯ deﬁned in Lemma 3,
then dX (G) 2.
Proof. Let N be a normal subgroup of G such that N is maximal with the property that dXN (G) =
dX (G) = d. Then, by Theorem 1, there exist a monolithic primitive group L and an isomorphism
ϕ : G/N → Lt satisfying the conditions of Lemma 7. We have ϕ(XN/N) = diag(Y ) for some Y ⊆ L.
Moreover, by maximality of N, if M/N = Soc(G/N) then dXM(G) = dY A(L)  d − 1. Let δ = 3 in the
general case, and let δ = 2 if G is soluble or m > c¯. Assume by contradiction that d > δ.
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Lemma 5, dX (G) = dY (L)max{2,dY A(L)}max{2,d−1}, a contradiction. This settles the case when
A is abelian and proves the proposition when G is soluble.
If A is non-abelian, then it follows from Lemma 7 that t  β +1, where β = |Q∩π(|A|)| π(|A|).
If d > 3, by Lemma 3(i) we have dX (G) = ddiag X (Lt)max{3,dY A(L)} d − 1, a contradiction.
So we are left with the case when d = 3, δ = 2 and m > c¯. Then two possibilities may occur.
If β = 0 then t = 1 and, by Lemma 5, dX (G) = dY (L)  max{2,d − 1}, a contradiction. Otherwise
β  1, which implies that Q ∩ π(|A|) is not empty. So there exists a prime p > c¯ which divides |A|;
in particular the maximum of π(|A|) is greater than c¯, and by Lemma 3(ii) we get that dX (G) =
ddiag X (Lt)max{2,dY A(L)} d − 1. This contradiction concludes the proof. 
The next proposition establishes Theorem D.
Proposition 9. Let G be a ﬁnite group, let X,C be two subgroups of G such that X  C. Assume that
|π(|G : C |)|  2 and that G has no proper subgroup H containing X such that |π(H : C ∩ H)|  2. Then
dX (G) 2.
Proof. Let N be a normal subgroup of G such that N is maximal with the property that
dXN (G) = dX (G). Then by Theorem 1 there exist a monolithic primitive group L and an isomorphism
ϕ : G/N → Lt satisfying the conditions of Lemma 7. We identify G¯ = G/N with Lt . Let A = Soc(L), let
K¯ = diag(L) and let M¯ = Soc(G¯).
If t = 1, then we can conclude by using the same arguments as in the proof of Proposition 8.
More precisely, assume by contradiction dX (G) = d > 2. By maximality of N we have d X¯ A(L) d − 1.
It follows from Lemma 5 that dX (G) = d X¯ (L)max{2,d X¯ A(L)}max{2,d − 1}, a contradiction. This
settles the case t = 1.
By Lemma 7(i) if A is abelian then t = 1, so we may assume that A = Sn where S is a non-abelian
simple group.
The next statement is a key step in our argument:
(∗) If there exist two primes p and q which divide |M¯ : M¯ ∩ C¯ | then dX (G) 2.
We will now prove statement (∗). We have M¯ = S1 × · · · × Snt , where Sk is isomorphic to S for
every k = 1, . . . ,nt . So there exist i and j such that |Si ∩ C¯ |p < |Si |p and |S j ∩ C¯ |q < |Si |q . Note that
〈Si, S j〉 is isomorphic either to S or to S2, so by Theorem 6 we have 〈Si, S j〉 is 2-generated, and let
y¯1, y¯2 ∈ G¯ be such that 〈Si, S j〉 = 〈 y¯1, y¯2〉. Let H = 〈X, y1, y2〉. We will show that |π(|H¯ : H¯∩ C¯ |)| 2.
Assume by contradiction that p does not divide |H¯ : H¯ ∩ C¯ |. Then there exists a Sylow p-subgroup
U¯ of H¯ such that U¯  C¯ . Since Si is a subnormal subgroup of H¯, we have U¯ ∩ Si is a Sylow p-
subgroup of Si and it is contained in C¯ , a contradiction. Similarly, we have q divides |H¯ : H¯ ∩ C¯ |. So
|π(|H : H ∩ C |)|  |π(|H¯ : H¯ ∩ C¯ |)|  2 and H cannot be a proper subgroup of G . Thus G = H and
dX (G) 2, so statement (∗) is proved.
Now let Q = π(|G : C |) and deﬁne P,P∗ as in the proof of Lemma 7. By statement (∗) we can
assume that |P|  1. We will prove that if P = {p} then p divides |K : K ∩ C |. As |M¯ ∩ C¯ |p < |M¯|p ,
there exists i such that |Si ∩ C¯ |p < |Si |p . We have B¯ = Si ∩ C¯ is a proper subgroup of Si . Moreover
|Si : B¯| is a power of p, because |M¯ : M¯ ∩ C¯ | is a power of p. Let πi : M¯ → Si be the projection on the
i-th component of M¯ . Note that K¯ ∩ M¯ = diag(A) so πi(K¯ ∩ M¯) = Si . As K¯ ∩ C¯ ∩ M¯ normalizes B¯ , it
follows that D = πi(K¯ ∩ C¯ ∩ M¯) normalizes πi(B¯) ∼= B¯ . This implies that no Sylow p-subgroup of Si is
contained in D , otherwise πi(B¯) would be a non-trivial proper normal subgroup of Si . So p divides
|Si : D| = |πi(K¯ ∩ M¯) : πi(K¯ ∩ C¯ ∩ M¯)| and thus p divides |K¯ ∩ M¯ : K¯ ∩ C¯ ∩ M¯| = |(K¯ ∩ M¯)(K¯ ∩ C¯) : K¯ ∩ C¯ |.
It follows that p divides |K : K ∩ C |, as we wanted.
Arguing as in Lemma 7 for the primes in P∗ and in Q \ (P ∪ P∗), we obtain that
Q⊆ π(|K : K ∩ C |), so K = G by minimality of G and again t = 1. This concludes the proof. 
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